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Abstract. We give an explicit formula for the holonomy of the orientation bundle 
of a family of real Cauchy-Riemann operators. A special case of this formula resolves 
the orientability question for spaces of maps from Riemann surfaces with Lagrangian 
boundary condition. As a corollary, we show that the local system of orientations 
on the moduli space of J-holomorphic maps from a bordered Riemann surface to a 
symplectic manifold is isomorphic to the pull-back of a local system defined on the 
product of the Lagrangian and its free loop space. As another corollary, we show 
that certain natural bundles over these moduli spaces have the same local systems 
of orientations as the moduli spaces themselves (this is a prerequisite for integrating 
the Euler classes of these bundles) . We will apply these conclusions in future papers 
to construct and compute open Gromov-Witten invariants in a number of settings. 



The theory of J-holomorphic maps introduced by Gromov |Gro] plays a central role 
in the study of symplectic manifolds. Considerations in theoretical physics led to the 
development of the Gromov-Witten invariants. They are invariants of symplectic man- 
ifolds and can be interpreted as counts of J-holomorphic maps from a closed Riemann 
surface passing through prescribed constraints. Open String Theory motivated the 
study of J-holomorphic maps from a bordered Riemann surface with boundary map- 
ping to a Lagrangian submanifold and predicts the existence of open Gromov-Witten 
invariants. Their mathematical definition, however, has proved to be a subtle problem. 
Two main obstacles are the question of orientability and the existence of real codi- 
mension one boundary strata of the moduli space of maps from a bordered Riemann 
surface. This work addresses the first of these issues. 
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The orientability question in the case T, = was previously studied in |F000] : 
see also |EESj . |WWj . |Wel08] . The authors showed that the moduli space of J- 
holomorphic maps from is not always orientable; see also |deSj . However, in the 
case of a relatively spin Lagrangian, they proved that the moduli space is orientable 
and that a choice of a relatively spin structure determines an orientation. This result 
was extended by Solomon |Solj to relatively pin^ Lagrangians and Riemann surfaces of 
higher genus with a fixed complex structure. Solomon constructed a canonical isomor- 
phism between the determinant line bundle of the moduli space and the pull-back by 
the evaluation maps of a certain number of copies of det (TL). We extend these results 
to any Lagrangian and allow the complex structure on the domain to vary. 



In this paper, we give an explicit criterion specifying whether the determinant line 
bundle of a loop of real Cauchy-Riemann operators over bordered Riemann surfaces is 
trivial; see Theorem As a corollary, we conclude that the local system of orienta- 
tions on the moduli space of J-holomorphic maps from a bordered Riemann surface is 
isomorphic to the pull-back of a local system defined on the product of the Lagrangian 



and its free loop space; see Corollary L8 Our formula recovers the orientability results 
obtained in |F000j and |Sol] as special cases. As another corollary, we show that 
the local systems of orientations of certain natural bundles over these moduli spaces 
are canonically isomorphic to the local systems of orientations of the moduli spaces 
themselves which is a prerequisite for integrating the Euler classes of these bundles; 



see Corollary LIO This is a generalization of |PSWt Lemma 12]. 



If M is a manifold, possibly with boundary, or a (possibly nodal) surface, and L G M 
is a submanifold, a bundle pair {E,F) — )■ {M,L) consists of a complex vector bundle 
E M and a maximal totally real subbundle F C E\l. A real Cauchy-Riemann operator 
on a bundle pair [E, F) — )■ (S, where S is an oriented surface with boundary 9S, 
is a linear map of the form 

D = d + A: Q%E, F) Q^'\E), 

where d is the holomorphic 9-operator for some complex structure j on S and a holo- 
morphic structure in E and 

A G r(S, HomK(E, T*S ®c E)) 

is a zeroth-order deformation term. All real Cauchy-Riemann operators are Fredholm 
in appropriate completions; see |MS1 Theorem CLIO]. 



Let / = [0, 1]. Given an orientation-preserving diffeomorphism 0: S — S, let 

{M^,dM^) = X ~ (0(x),O) 

be the mapping torus of and vr : — )• be the projection map. For each t E S^, let 
= vr~^(t) be the fiber over t. A continuous family of real Cauchy-Riemann operators 
on {E, F) is a collection of real Cauchy-Riemann operators 
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which varies continuously with t G S^. We denote by det{D) — > the determinant 
hne bundle corresponding to this family; see |MSt Section A. 2]. 

Theorem 1.1. Let be a smooth oriented bordered surface, 0: S — )■ S be a diffeomor- 
phism preserving the orientation and each boundary component, and {E, F) be a bundle 
pair over {M^,dM^). For each boundary component {dT,)i ofT,, choose a section ctj of 

If D is any family of real Cauchy-Riemann operators on {E,F), then 

{wiidet D), S') = J2 {{MF), + 1) {wi{F), a,) + (MF), {dM^\). 

i i 

Remark 1.2. Any two choices of sections differ by a multiple of and thus give 

the same i-th term in the first sum above. 

We prove this theorem in Section [3] by showing that the determinant line bundle of 
D is isomorphic to the tensor product of the determinant line bundle of a 9-operator 
on a line bundle and the determinant line bundle of a 9-operator on an orientable 
bundle. The evaluation of their first Stiefel- Whitney classes then gives the two parts 
in the formula in Theorem 11.11 

Remark 1.3. Families of real Cauchy-Riemann operators often arise by pulling back 
data from a target manifold by smooth maps as follows. Suppose (M, J) is an almost 
complex manifold, L C M is a submanifold, {E, Of) — )■ M is a complex vector bundle, 
and F C E\l is a maximal totally real subbundle. Let V be a connection in {E, 3) and 
A G r(M, HomiR(E, T*M°'^ ®c E)). For any map u : (S, 9S) (M, L), let V" denote 
the induced connection in u*E and 

Au = Aodue r(S, TS°'^ Oc u*E). 

If u : (S, 9S) — 7- (M, L) and j is a complex structure on S, the homomorphisms 

= ^(V" + 3 o V" o j), D, = d^ + A^: u*E, uJgj.F) ^ Q^'^E, u*E) 

are real Cauchy-Riemann operators that form families of real Cauchy-Riemann opera- 
tors over families of maps. 

Throughout this paper, we denote by (M, u) a symplectic manifold, by L C M a 
Lagrangian submanifold, and by J a tame almost complex structure on M. Fix a tuple 
of homology classes 

(1.1) b = (6, 6i, .., hn) G i/2(M, L) © H^{L)®\ 

an oriented bordered surface (S,(9S) of genus an ordering of the boundary compo- 
nents 

h h 

di: = W{d^\ = Ws\ 

i=l i=l 

a non-negative integer /, and a tuple k = (/ci, .. ,kh) G Z^. Let ?Bf'j^(M, L, b) be the 
space of tuples (u, z, xi, .. , x/i), where 
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• z is a tuple of / interior marked points, 

• Xj is a tuple of ki marked points on 

• M is a map from (E,5S) to {M,L), which represents the class b G H2{M,L) 
and for which the restriction M|(as)i represents the class 6j G Hi{L). 

Let be the space of complex structures on S, P be the diffeomorphism group of E 
preserving the orientation and each boundary component, and 

n',;!:{M,L,h) = ('Bfi(M,L,b) X J^)/V. 

Remark 1.4. Throughout the paper we assume that the action of V has no fixed points. 
Thus, the quotient space 'Hf',^(M, L, b) is a topological manifold. This happens for 
example if there are sufficiently many marked points. In applications to more general 
cases, this issue can be avoided by working with Prym structures on Riemann surfaces; 
see |Looj . 

The determinant line bundle of a family of real Cauchy- Riemann operators D{e,f) 
on ?Bf',^(M, L, b) x J7s induced by a bundle pair {E,F) as in Remark |l3 descends to 
a line bundle over H^'^lM, L,h), which we denote by det D(^e,f)- As a direct corollary 



of Theorem 1.1, we obtain the following result on its orient ability. 

Corollary 1.5. Let ^ he a loop in Tif'^lM, L,h) and 7 a path in Q3f 'j^(M, L, b) x JTe 
lifting 7 such that 71 = ■ 70 for some (f) E V with 0|as = id. For each boundary 
component {dT,)i ofT,, denote by ai : ^ L and (3i : x ((9S)j — )■ L the paths traced 
by a fixed point on {dT,)i and by the entire boundary component Then, 



;i.2) {w,{detD(^E,F)),l) = {{Mn,b^) + l){wi{F),a,) + 

1=1 i=l 

every loop 7 in 7{fj^(M, L, b) admits a lift 7 such that 71 = ■ 70 



By Lemma 



2.4 



for some G 'P with = id. Thus, the first assumption in Corollary 1.5 imposes no 
restriction on 7. 

Corollary 1.6. Let 7 and ai be as in Corollary 1.5. If either W2{F) + w\{F) orw2{F) 



belong to lm{i* : H^{M) H^iL)), then 

h 

(1.3) (wi(det(D(s,p))),7) = 5^((^i(F),6,) + l){w,{F)),ai). 

i=l 

In particular, if F is also orientable or {wi{F),bi) = 1 for every i = l,...,h, then 
det{D(^E,F)) is orientable. 



The presence of W2{F) in (1.2) means that in general the local system of orientations 



on det{Di^E,F)) is not the pull-back of a system on L. In Section |4| we construct a local 
system ZF ^ on the /i-fold product of the Lagrangian and its free loop space C{L), 



which traces the twisting coming from the right-hand side of (1.2). When there is at 



least one boundary marked point on each boundary component, there is a natural map 

ev : nfi{M,L,h) (L x £(L))\ 
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which is canonically determined up to homotopy; see Proposition 4^ We show that 



the pull-back of Zf under this map is isomorphic to the local system twisted by 



the first Stiefel- Whitney class of det{D(^E,F))- Moreover, eM*Z^^^ ^^-^ is trivial along the 
fiber of the map forgetting the boundary marked point (s) and pushes down to the space 
with no boundary marked points; see Lemma [4.7[ Depending on the context, denote 
by ev* Z^^^ ^^-^ either the pulled-back system or its push-down under the forgetful map. 

Theorem 1.7. There is a local system Z^^^ on {LxC{L))^ such that the local system 
of orientations o/det Di^e,f) is isomorphic to ev*^^^^ An isomorphism between the 
two systems is determined by a choice of a trivialization of F over a basepoint in L and 
trivializations o/F©3det(F) over representatives for the homotopy classes of loops in 
L. 

The (9-operator on 5Bf',^(M, L, b) x jTs, given by 

d{u,j) = ^{du + Jo duoj), 

descends to ?^f^(M, L,b). The moduh space 9Jlf'k(M,L,b) C Hf'k(M,L,b) consists 
of elements [m, z,xi, . . . ,Xh] satisfying Bu = 0. Linearizations of the 9-operator along 
Q3f',^(M, L, b) are real Cauchy-Riemann operators over E induced by the bundle pair 
{TM,TL) — )■ (M, L); see |MS[ Section 3.1]. Their determinant line bundle descends to 
a hne bundle over T-if^[M, L, b), which we denote by det(Dg). The significance of this 
bundle comes from the fact that when the moduli space is cut transversely, the top 
exterior power of its tangent bundle is essentially the bundle det^Dg). As a corollary 
of Theorem L7, we obtain the following statement concerning the orientation system 
of this moduli space. 

Corollary 1.8. There is a local system Zj^^^^-^ on [L x C{L))^ such that the local 

system of orientations on the moduli space fX)Tf']^(M, L, b) is isomorphic to ev* Zj^^ 
An isomorphism between the two systems is determined by a choice of a trivialization 
ofTL over a basepoint in L and trivializations of T L (B 3 det{T L) over representatives 
for the homotopy classes of loops in L. 



Remark 1.9. By Corollaries 1.6 and 1.8, S[Jtf'j^(M, L, b) is orientable if L C M is rel- 
atively spin; this recovers |F000^ Theorem 8.1.1]. If L C M is relatively pin^, the 
orientation system of VJHf'y.{M, L,h) is a pull-back/push-down of several copies of the 
orientation system of the Lagrangian L; this recovers [SoL Theorem 1.1]. 

An important collection of examples of operators D(^e,f) arises as follows. If a = 
(ai, . . . , am) is an m-tuple of positive integers and n G Z"*", let 



The natural conjugation on CP" lifts to i2„,a- Denote its fixed locus by £^a! ^^is is a 
real vector bundle over MP". Let 

(1.4) 7r„,a: V« = imff(£„,a,<„b) ^ aJlf^(CP",MP",b). 
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The fiber of 7r„_a over [u,z,:x.-i, . . . ,Xh] is canonically isomorphic to Ker ^ „*£k 
By |MSt Theorem C.l.lO(iii)], d(^u*Cn ^,u*cu surjective if > ig + 2h — 2. 

Thus, V^a is a vector bundle in this case and its orientation line bundle agrees with 
det(9(„*£^ ^^„*£H ^)). The following corollary of Theorem 1.7, suggests that it may be 
possible to integrate the twisted Euler class e(V^a) against the homology class of 

a compactification ^f '^ (CP", MP", b) of OJlf '^ (CP", MP", b) in some cases, including 
when the corresponding complete intersection Xn,a is a Calabi-Yau threefold; see Re- 
mark [LTTI 

Corollary 1.10. Let m,n & Z+ and a G (Z+)"^ be such that n — ^ai is odd. Let h 

be as m |71p with (M, L) = (CP", MP"). // fi{b) >Ag + 2h-2, the line bundles 



LP", b) ^ 9Jlf 



,h 



LP", b) 



are canonically isomorphic up to multiplication by M+ in each fiber. 

Remark 1.11. If s G if'^(CP", £„,a) is a transverse section commuting with the con- 
jugations on CP" and £„,a, -^n,a = ^"^(O) is a smooth complete intersection with 



conjugation inherited from CP". The section s induces a section s of (1.4) such that 



Mfk^X„,a,XL,b) = s-i(O) C 9Jtfk"(CP",MP",b), 



where X^^^ = Xn^a H MP". This suggests that (open) Gromov-Witten invariants of 
(X„^a, -^^f^a)' which should arise from the moduh space Wl^i'^^Xn^a, X^g^,h), can be 
computed by integrating the Euler class e{V^^) against [9Jlf']^(CP", MP", b)], which 
can be done via equivariant localization. By jBCPPj Section 2.1.2], \LZ\ Theorem 1.1], 
and |PSW[ Theorem 3] , this is indeed the case if g + h < 1 and Xn^a is a Calabi-Yau 
threefold in the h = 1 case. Based on |Wal] and |PZj . there are strong indications 
that this is also the case for {g,h) = (0,2). We plan to investigate this in the future. 



building on Corollary 1.10 



The paper is organized as follows. In Section |2| we set up the notation and establish 
ts. We prove the key Theorem LI, as well as Corollary |1. 6 , in 
ij we construct a local system Z^^^^ on the /i-fold product 
of the Lagrangian and its free loop space, which traces the twisting coming from the 



some preliminary resu 
Section 3l In Section 



right-hand side in (1.2). We then show that its pull-back is canonically isomorphic to 



the local system twisted by the first Stiefel- Whitney class of det{D(^E,F)), thus estab- 
lishing Theorem 1.7 Corollaries 1.8 and 1.10 are proved at the end of the section. 



The present paper is based on a portion of the author's thesis work completed at 
Stanford University. The author would like to thank her advisor Eleny lonel for her 
guidance and encouragement throughout the years. The author would also like to thank 



Aleksey Zinger for suggesting Corollary 1.10 and for his help with the exposition. 
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2. Conventions and preliminaries 

Let X, Y be Banach spaces and D : X ^ Y he a Fredholm operator. The determinant 
line of D is defined as 

det{D) := A*°PKer(D) ® A*°p Coker(D)''. 
A short exact sequence of Fredholm operators 

¥ X' > X > X" ¥ 



D' 



D 



D" 



y Y' y Y y Y" y 

determines a canonical isomorphism 

(2.1) det(D) ^ det(D') O det(D"). 

For a continuous family of Fredholm operators Df : Xt ^ Yf parametrized by a topo 
logical space B, the determinant lines det{Dt) form a line bundle over B; see [M 



Section A. 2]. For a short exact sequence of such families, the isomorphisms (2.1) give 
rise to a canonical isomorphism between determinant line bundles. 

Let S be a nodal bordered Riemann surface and vr : S — )■ S be its normalization; 
fix an ordering of the nodes of S and the boundary components of S. A real Cauchy- 
Riemann operator D(^e,f) on {E,F) — S corresponds to a real Cauchy- Riemann op- 
erator D(E,F) = ®iD^ on {E,F) = tt*{E,F) — )■ E, where the sum is taken over the 
components of S. Thus, by ( 2.1[ ), there is a canonical isomorphism 



det{D^E,F)) = ^idet{D'). 

On the other hand, by gluing together punctured disks around the special points in E, 
we obtain a smooth surface and a real Cauchy-Riemann operator over for a 
gluing parameter e. By jEESt Section 3.2] and |WWt Section 4.1], for every sufficiently 



small e there is a canonical isomorphism 

(2.2) det{D') ^ det(5(s,p)) ® A*°p(0 E,^ © F,^)\ 

j j 

where zj and xj are the interior and boundary nodes, respectively. Moreover, the 



gluing maps satisfy an associativity property: the isomorphism (2.2) is independent of 
the order in which we smooth the nodes. 

Remark 2.1. Let {E, F) (E, 9E) be a bundle pair. Choose a trivialization of E over a 
curve C E isotopic to one of the boundary components of E. This trivialization can 
be extended over a neighborhood U of the curve C^. Pinching E along C^, we obtain 
a nodal curve E* with a diffeomorphism (E — C^) — )• (E'^ — node). We can pull back 
the bundle pair {E, F) to (E'^ — node). The trivialization of E over the neighborhood 
U of the curve induces a trivialization in a punctured neighborhood of the node. It 
can be uniquely extended over E*. We say that the bundle pair {E,F) descends to a 
bundle pair on the nodal surface. 
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Lemma 2.2. Let be a smooth oriented surface with boundary. Every diffeo- 

morphism h: (S,c}S) — )■ (S,(9S) which preserves the orientation and each boundary 
component is isotopic to a diffeomorphism which restricts to the identity on a neigh- 
borhood of dT, in S. 

Proof. Fix a component = of (9S, an identification of a neighborhood of 

((9S)i in S with X [0,25], and e e (0,5) such that h{S^ x [0,e]) C x [0,26]. After 
composing h with a path of diffeomorphisms on S which restrict to the identity outside 
X [0, 25], we can assume that h{S^ x [0, e]) = x [0, e]. By [FMi Proposition 2.4] and 
[Mast (1.1)], the group of diffeomorphisms of the cyhnder preserving the orientation and 
each boundary component is path-connected. Thus, there is a path of diffeomorphisms 

ff.S'x [0, e]^S'x [0, e] s.t. /o = id, /i = /^f^l^p,,]- 

The path ft generates a time-dependent vector field Xf. By multiplying Xt by a bump 
function on S vanishing outside [0,e] and restricting to 1 on 5*^ x [0, |], we obtain a 

time- dependent vector field on S. This new vector field gives rise to diffeomorphisms 
ft of S which are identity outside x [0,e], while fi restricts to h^^ on x [0, |]. 
Then h o ft is a. path of diffeomorphisms connecting h with a diffeomorphism which 
restricts to the identity in a neighborhood of (9S)j. □ 

Lemma 2.3. Let (S,5E) be a smooth oriented surface with boundary and (p & V. 
Every family of real Cauchy-Riemann operators on a bundle pair {E, E) over can 
be smoothly deformed to a family of real Cauchy-Riemann operators on a bundle pair 
{E', E') over M^i for some 0' G such that 0' restricts to the identity on a neighborhood 
ofdT.. 



Proof. By Lemma |2.2[ there exists a path hs in T) such that Hq = (j) and hi restricts 
to the identity on a neighborhood of dT, in E. Set fs = 4>~^ o kg. Let {jt, Et, Et, Dt), 
with t E I, he any family of tuples such that jt is a complex structure on E, Dt is a 
real Cauchy-Riemann operator on {Et,Et) over (S,9S), and 

(ji,Ei,Fi,Di) = {(f)*joA*EoA*Eo,(j)*Do). 

For each s G /, let 

(js;i, Es-t, Es-t, Ds-t) = ifstjt, fst^t, fst^t, f*stDt)- 

Since {js-i,Es-i,Es-i,Ds-i) = {h*js.o, h*Es-o, h*Es-o, hlDg-o), this defines families of real 
Cauchy-Riemann operators on the bundle pairs {Eg, Eg) over Mh^. Since Hq = 0, we 
have thus constructed the desired deformation of the original family. □ 

Lemma 2.4. Every loop 7 m 'Hfi^(M,L,b) lifts to a path 7 in ^f^^{M,L,h) x 
such that 7i = ■ 7o for some G P with 0|gs = id. 



Proof. Under the assumption of Remark 1.4, the projection 

(M, L, b) X ^ nfiiM, L, b) 



admits local shces. Thus, there exists a path jt = {ut,it) in ®fk (^; b) x J^, lifting 
7. Let G P be such that 71 = -70. By Lemma 2.2, there exists a path ht in V such 
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that ho = (J) and hi restricts to the identity on the boundary. The hft 7^ 
of 7 then satisfies ^[ = hi ■ 7q. 

3. Determinant line bundles over loops 



-1 



■7t 

□ 



We begin this section by deducing Theorem 



which treat two distinct cases of Theorem We then verify each of the two propo- 
sitions for the trivial mapping cyhnder over the disk with an additional assumption 
on the Maslov index of the pair {E,F) on each fiber; see Lemmas 3.4 and 3.6 The 



1.1 from Propositions 3.1 and 3.2 below 



full statements of Propositions 3.1 and 3.2 are then reduced to Lemmas 3.4 and 3.6 



respectively. We conclude this section by proving Corollary 1.6 



Proposition 3.1. Let H he a smooth oriented bordered surface, cf) : H ^ H he a 
diffeomorphism preserving the orientation and each boundary component, and {E, F) 
be a bundle pair over {M^,dM^) with F orientable. If D is any family of real Cauchy- 
Riemann operators on {E,F), then 

{wiidet D), S') = J2 {Mn, {dM^),). 

i 

Proposition 3.2. Let H be a smooth oriented bordered surface, (p : H ^ H be a 
diffeomorphism preserving the orientation and each boundary component, and {E, F) 
be a bundle pair over {M^,dMip) with dim(F) = 1. For each boundary component 
o/S, choose a section ai of 

If D is any family of real Cauchy-Riemann operators on {E,F), then 
(w;i(det D), S') = {{MF), + l) (^i(^), «^)- 



Remark 3.3. The space of real Cauchy-Riemann operators {E,F) — )■ (S,9S) is con- 
tractible; thus, a choice of orientation on one determinant line canonically induces 
orientations on the rest. Moreover, any two families of real Cauchy-Riemann opera- 
tors on a family {Et,Ft) — )■ (St,(9St) are fiberwise homotopic. This implies that their 
determinant bundles have the same Stiefel- Whitney class. 



Proof of Theorem 1.1\ By Remark |3.3[ it is sufficient to prove the result for some 
family of real Cauchy-Riemann operators on {E, F) — )■ (M^, dM^). A connection on E 
induces a family of complex linear Cauchy-Riemann operators di^E,F) over M^, which 
on a fiber is given by the complex linear Cauchy-Riemann operator of the restricted 
connection. Let 

{E\ F^) = (detc E, det F), {E, F) = {E®3E\F® 3F^). 
The connection on E induces connections on E^, E, and 4E^ and thus families of 



complex linear Cauchy-Riemann operators df^^^^ and 5(4£;i^4i7i). By (2.1) 

det((9(^ j?)) (g) det(9(£;i,Fi)) = <\ei{d^^^^j^i^p^p^^) = det{d(^E(BiE\F®4F^)) 

= det{d(E,F)) ® det((9(4£;i,4i;'i)). 
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Therefore, 

wi{det{D)) = wi{det{d(^E,F))) 

By Proposition |3.1[ 

(^i(det(%_^))), S') = J2(MF), (dM^),) = J2{w2iF), (9M^),), 

i i 

(ti;i(det(a(4Ei,4Fi))),^') = $^(^^;2(4Fl),(9M^),) = 0. 

i 

By Proposition |3.2[ 

(wi(det(V,^i))),5i) = + l){wr{F^),a,) 

i 

= ^((«;i(F),(9S),) + l)(u;i(F),a,). 



Combining the last four identities, we obtain Theorem 1.1 □ 



Lemma 3.4. Let {E,F) — )■ {D'^,dD^) x be a bundle pair with F orientable and 
Maslov index zero on each fiber. If D is a family of real Cauchy-Riemann operators on 
{E,F), then 

{wiidet D),S^) = {w2{F),dD^ x S^). 

Proof. The standard 9o-operator on (C"',]R") — )■ {D'^,dD^) is surjective and its kernel 
consists of constant real-valued sections; see |MS1 Theorem C.1.10]. If the bundle 
pair {E, F) — )• {D"^, dD"^) x is trivializable, we can consider the constant family of 
standard 9o-operators on a trivialization 

{E,F) = (C" X D^M" X dD'^) X S\ 

The determinant bundle of this family is isomorphic to M" x by evaluation at a 



boundary point and in particular is orientable. By Remark 3^, the determinant bun- 
dle of the family D is also orientable. 



If {E',F') {D^,dD^) X is another bundle pair 



det D(^E,F) ® det D(^e',f') = det{D(^E,F) © D(^e',f')) = det D^e®e',F(bf') 



by (2.1). Thus, we can stabilize {E,F) with a trivial bundle pair and assume that 
n = dimF > 2. Since ni{SO{n)) = Z2 and the homomorphism TTi{SO{n)) — )• 7ii{U{n)) 
induced by the inclusion is trivial, the second Stiefel- Whitney class W2{F) then classifies 
the bundle pairs {E,F) over {D'^,dD^) x S^. Thus, if W2{F) = 0, the bundle pair 
{E,F) is trivializable and the determinant bundle det(D) is orientable. If W2{F) 7^ 0, 
the bundle pair {E, F) is isomorphic to a stabilization of the bundle pair in |F000[ 
Proposition 8.1.7], which constructs a non-orientable family of real Cauchy-Riemann 
operators. Combining the two cases gives the result. □ 
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Lemma 3.5. // {E, F) — )■ (D^, dD'^) is a bundle pair with dime E = 1 and Maslov in- 
dex fi = fi{E, F) > —1, every real Cauchy-Riemann operator D on {E, F) is surjective. 
Moreover, if Xi, . . . ,x^+i G dD'^ are distinct points, then the homomorphism 

(3.1) ev: Ker(D) -+ ev(0 = (^(xi), . . . , ^(x^+i)), 

i=l 

is an isomorphism. 

Proof. By |MSt Theorem C.3.5 and Corollary C.3.9], the bundle pair {E, F) is isomor- 
phic to (C X -D^, A), where the fiber at e'^ G dD'^ = S"^ is given by 

Ag,e = e~]R. 

By |MSl Theorem C.1.10], the standard Cauchy-Riemann operator do on (C x D^, A) is 
surjective if > —1 and thus dimKer (9o = /i + 1. Moreover, the elements of the kernel 
are polynomials ^{z) = aQ + - ■ ■ + a^z^ with = a^_i. The kernel of the homomorphism 

(3.2) ev: Ker(ao) ^ A,^, ev(e) = (^(xi), . . . , ^(x^+i)), 

1=1 

consists of polynomials (of degree /i) which vanish at the fi + 1 points Xi] therefore, this 
homomorphism is injective. Since the domain and target are of the same dimension. 



the homomorphism (3.2) is an isomorphism. 



Let D' be any real Cauchy-Riemann operator on the above bundle pair (C x D^, A). 
By |MSt Theore m C .1.10], D' is still surjective and dimKer(D') = fi + 1. If the 



homomorphism (3.2) with Oq replaced by D' is not an isomorphism, there exists 
G Ker{D') — {0} vanishing at the /i + 1 points Xj. By |MS[ Section C.4], there 
exists /: {D^,dD^) (C*,M*) such that do{fO = 0. Since vanishes at the /x + 1 



points, by the previous paragraph ^ is identically zero. Thus, the homomorphism (3.2) 
with do replaced by D' is in fact an isomorphism. 

An isomorphism ip: {E,F) — )■ (C x D'^,A) induces a commutative diagram 

Ker(D) eF,, 

i=l 



Ker((^-i)*D) A.^ 

- i=l 

where {ip~^)*D is the induced real Cauchy-Riemann operator on (C x D'^,A). Since 
three of the maps in the diagram are isomorphisms, so is the evaluation map ( |3.1 ). □ 



Lemma 3.6. Let {E,F) — > {D'^,dD'^) x be a bundle pair with dim(F) = 1 and a 
non-negative Maslov index fi. If D is a family of real Cauchy-Riemann operators on 
{E,F) and x G dD'^, then 

{wi{detD),S^) = {{wi{F),dD^) + l){wi{F),x x S^). 
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Proof. By Lemma 3^, the operators Dt, t G S^, are surjective and 

ev: Ker(A) ^ 0i^|..xt, ev(0 = (^(xi), . . .,^^,+1)), 

i=l 

are isomorphisms for any choice of distinct points Xi, . . . , x^+i G dD^. Therefore, 
(^i(det(L>)),^i) ^ 0i^.,xt ,5') = X S^)) 

\i=l / i=l 

Since the Maslov index /i modulo two is {wi{F),dD'^), 

{fi + l){wi{F),xi X S^) = {{wi{F),dD^) + l){wi{F),x, x ^i), 

estabhshing the formula. □ 

Proof of Proposition 3.1\ By Lemma 2^, we can assume that restricts to the 
identity in a neighborhood of the boundary. For each boundary component of 
S, let 

Ui ^ [0, 2e] X X = Cyl x 

be a neighborhood of x S*^ in M^. Let jo be a standard complex structure on 

[0, 2e] X (5S)j. Since every loop 7 of complex structures on the cylinder Cyl is of the 
form jt = ipfjo for some loop of diffeomorphisms ipt, there is an isomorphism 

(Cyl X S'n) - (Cyl x S';jo), (x,t; j,) ^ iM^),t; {^P~'yjt = Jo). 

Thus, there is an isomorphism 

(3.3) {U„ jt\uj = {[0,2e] X (di:), X S\ Jo). 

For each 6 e [0,2e], let 

U,i6) = [0,6]x{d^),xl 
be the neighborho od o f ((9S)j x / C S x / corresponding to [0, 6] x (9S)j x 5*^ under 
the identification (3.3); for example, f/j(0) = {0} x ((9S)j x /. We can trivialize F 
over Ui{0), since F is orientable and Ui{0) is homotopic to a circle. A trivialization 
^\Ui{o) — IR" X Ui{0) induces a trivialization 

%(0) = ^©'^%,(0) = C"xf/,(0), 

which we can extend to a trivialization E^^ f^^^-^ = C" x f/j(2e). 

At the two endpoints of the interval /, glue the trivial bundles M" x (c?S)j x 1 and 
M" X (9S)j X using a clutching map (yfj: (c?S)j — )■ S0(?2) so that the bundle pair 

(C" X (9S)„M" X (9S),) X(,^,,^) / ^ (9S), X 51 

is isomorphic to (-E|(9s)ixS'i5 -^|(9E)ixS'i)- Since the inclusion SO(n) — )■ U(n) is nullho- 
motopic, the map Qi can be extended to a map 

Qi-. [0,2e] X (9S)i ^ U(n) s.t. fl'i|[f,2e] = id. 
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L J 


S X I 



U(iS) = [0, i5] X X I 



For every t G S^, pinch Ext along the curve e x ((9S)j x t to obtain a nodal curve 
with normalization consisting of a disjoint union of disks and a closed Riemann 
surface S, with special points G -D^^ and pj G S. The bundle pair {E, F) descends to 



a bundle pair over the family of nodal curves as in Remark 2.1, inducing bundles 

E^txS' and {E„Fi) = {C'' x D^R^ x (dD^),) Xf^^^^g^^ I ^ {Dl{dD%) x S\ 
with isomorphisms E\p-xt = C" = Ei\oxt for every t E S^. 

We are interested in the first Stiefel- Whitney class of the family of real Cauchy- 
Riemann operators D(^e,f)- Taking a family of complex linear Cauchy- Riemann opera- 
tors D on E and gluing it to a family of real Cauchy- Riemann operators Di on {Ei, Fi), 



we obtain a family of real Cauchy- Riemann operators on {E,F). By Remark 3.3 
and (|2^, 



det{D^E,F)) = det{D') = det{D) ® (g) (det(A) ® A*°P(^|(p„t))) 



and thus 



Wi 



(det(D)) = w,{det{D)) + J2 K(det(A)) + t^i(4,x5i))- 



The complex structure on the kernels and cokernels of the family of operators D in- 
duces a canonical orientation on det(D); in particular, wi{det{D)) is zero. Moreover, 
EpixSi = C" X S*^ also has a canonical orientation and Wl{Ep^xSl) is zero. Therefore, 
the problem reduces to the families of operators on {Ei,Fi) over {Df, (dDf)) x S^. 
Lemma 3.4| now gives the result. □ 



Proof of Proposition 3.^ For each boundary component of S, let Ui{6) be 

as in the proof of Proposition 3.1 Let rrii G {0, 1} be equal to if {wi{F), = 

and 1 if {wi{F),{dE)i) 



1. Then there is an isomorphism 

(E,F)|^^(o) = (Cx A(0),A. X/), 
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where the fiber of Aj at a point e x t G {dT,)i x / is given by e^^M C C. We can 



extend the triviahzation E^^^^^ 



C X Ui{0) to the neighborhood Ui{2e). 



At the two endpoints of the interval /, glue the bundles Aj x 1 and A, x using a 
clutching map gii — i- {±1} so that the bundle pair 

(Cx(9S),,A,)x(,^,,^)/^(9S), xS^ 

is isomorphic to (-E|(aE)ixsi, -^i(aE)ixsi)- Since the inclusion 0(1) — )■ U(l) is nullhomo- 
topic, the map gi can be extended to a map 



fl?^: [0,2e] X ^U(l) s.t. 



M 



id. 



For every t G S^, pinch Ext along the curve e x (5S)j x t to obtain a nodal curve 
E'* as in the proof of Proposition 3.1 The bundle pair {E,F) descends to a bundle 



pair over the family of nodal curves as in Remark 2J^, inducing bundles 

E->±xS^ and (E„ F^) = {C x Dl A,) X(^^,,^) / ^ {Dl {dD%) x S\ 
with isomorphisms E\p-xt = C = Ei\oxt for every t G S^. 

Taking a family of complex linear Cauchy-Riemann operators D on E and gluing 
it to a family of real Cauchy-Riemann operators Di on {Ei, Fi), we obtain a family of 
real Cauchy-Riemann operators D'^ on (E,F). By Remark |3.3 and ( 2.2[ ), 



det{D^E,F)) = det{D') = det(i)) 



(det(A)®A--(i|(,,,))) 



and thus 



(det(D)) = w,{det{D)) + K(det(A)) + w,{Ep^^s^))- 



As in the proof of Proposition 



3.1 



wi{det{D)) and wi{Ep.xs^) vanish. Thus, the 
problem reduces to the families of operators Di on {Ei,Fi) over {Df^^dDf)) x S^. 
Lemma 3.6| now gives the result. □ 



Proof of Corollary 1.6 . Let /3j be as in Corollary 1.5 The sum ^ /3j G H2{L) is 
the boundary of the class S G H^{M, L) obtained by following the image in (M, L) of 
the whole surface along the loop 7, that is ^ /3j = dS. Let 



H^{M,L;Z2 



be the exact sequence for the pair {M,L). Since W2{F) + wl{F) or W2{F) is in the 
image of i*, 6{w2{F) + wl{F)) = or 6{w2{F)) = 0. Since (3i is the class of a torus, 
= 0. Thus, 

= {6{w2{F)+wl{F)), [S]) = {6{W2{F)), [S]) + J] A) = J] A). 

The formula ( 1.2[ ) thus reduces to (1.3). □ 
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4. Local systems of determinant line bundles 

In this section we recall the basics of local systems following |Stej and construct a 
local system 2^^^ over the /i-fold product of the Lagrangian L and its free loop 

space We then show its pull-back is canonically isomorphic to the local system 

twisted by the first Stiefel- Whitney class of det{D(^E,F))- We conclude this section by 
establishing Corollaries 1.8 and |1.10] 



Definition 4.1. A system of local groups ^ on a path-connected topological space L 
consists of 

• a group Gx for every x E L and 

• a group isomorphism a^y : —> Gy for every homotopy class a^y of paths 
from X to y 

such that the composition o a^y is the isomorphism corresponding to the path 

C^xyPyz- 

Lemma 4.2 ( |Stel Theorem 1]). Suppose po E L, G is a group, and ip : 7Ti{L,pq) — )■ 
Aut(G') is a group homomorphism. Then there is a unique system Q = {G^} of lo- 
cal groups on L such that Gq = G and the operations of TTi{L,po) on Go are those 
determined by ip. 

Two local system Q and Q' on L are isomorphic if for every point x E L there is 
an isomorphism hx ■ G^ = G'^ such that hx = a~yhyaxy for every path axy between 
X and y. Equivalently, two local system are isomorphic if the groups G and G' are 
isomorphic and the induced actions of 7ri(L,a;o) are the same. There are Aut(G) of 
such isomorphisms, and one is fixed by a choice of an isomorphism Gxq — G'^^. 

Definition 4.3. Let / : {Li,pi) (^2,^2) be a continuous map between path- 
connected topological spaces and let Q = {Gx} be the local system on L2 induced 
by ip '■ 7ri(L2,p2) — ^ Aut(G'). The pull-back system Q' = f*Q is the system of local 
groups induced by /# o : 7ri(Li,pi) — Aut(G'), where /# : 7ri(Li,pi) — )■ 7ri(L2,P2)- 

Definition 4.4. The local system of orientations for a vector bundle F — )■ L is the 
system induced by the homomorphism ifj : 7ri(L,po) Aut(Z) = Z2 assigning to 
a G 7ri(L,po) the value of (wi(F),q;). We denote this system by Zyj-^i^py 

Remark 4.5. If L is a smooth manifold, the local system of orientations for TL, Zw^(ti;), 
is called the system of twisted integer coefficients in ^Ste] . 



Given a vector bundle F ^ L, we now construct a local system ZF ^ on the /i-fold 
product of the Lagrangian and its free loop space C{L), which traces the twisting com- 



ing from the right-hand side of (1.2). We begin by constructing a system over every 



component of L x C{L) and thus define a system over L x C{L). We then pull-back h 
copies of it to the product (L x C{L))^ via the projection maps. The system Z^^^ 
is defined as the tensor product of the pulled-back systems. 



^Recall that h is the number of boundary components of E. 
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Let Pi X 7j be a basepoint for a component Li x C{L)j G L x C{L). Define a local 
system over Lj x C{L)j using the homomorphism 

ip : 7ri(Li X C{L)j,pi x 7^) = 7ii{Li,pi) x 7ri(£(L)j, 7^) -> Aut(Z) = Z2, 

^ ((«;i(F),7,) + + {w2{F),(3). 

Thus, the system Z^^^ over a component of (L x C{L)Y with a basepoint (p, 7) = 
(pi,7i, .. ,P/i,7/i) is given by the homomorphism 

■ 7i,{{L X C{L))\ (p,7)) -> Aut(Z) = Z2, 

h h 

(4.1) (ai, . . . , a;,, ^ 7,) + a,) + 5^(u'2(F), A). 

j=l i=l 

We next construct a natural isomorphism between the local system ^^^{det d^j^ p^) on 
?/f^(M, L, b) and a pull-back/push-down of Z^_^ 

Proposition 4.6. Suppose there is at least one boundary marked point on each bound- 
ary component of S . Then there is a map ev : Hf'k(M,L,b) ^ (L X £(L))^ such that 
for every bundle pair {E,F) — )■ {M,L) the local system 2«,i{det(D(£; j?,)) is isomorphic to 
the pulled-back system ev*Z^^^ 

Proof. The map ev to the i-th L factor is given by the evaluation at the first marked 
point on the z-th boundary component. We now construct the map to the C{L) factors. 
Denote by and T)^^ the groups of orientation-preserving diffeomorphisms of S that 
restrict to the identity on 9S and fix a point xi^i on each component of 9E, respectively. 
The group is a normal subgroup of V^^, and the quotient Vx^/V^ is contractible. 
Thus, 

(®f^(M,L,b) X J^)/V, ^ (®f;k'(M,L,b) X 

has a contractible fiber and we can choose a section s. Any two such sections are 
homotopic. Since the elements of "Db fix the boundary of S pointwise, there is a map 

e,: (Q3f 'k^M, L, b) x Js)/©, ^ [m, z, xi, . . . , xj h-> mk^s),. 

The map to the i-th C{L) factor T-if^{M, L, b) is the composition 

ev,: •Hff(M,L,b) = (^z,k-i(S,b) x ^ C{L). 

We restrict ourselves to a particular connected component. Let uq G 'Hf',^(M, L, b) 
map under ev to the basepoint p x 7 G (L x C{L))^. It is enough to show that the 
action of 7ri{nl^{M, L,h) ,uo) on the group Tjuq induced by the system ^toi(det(D(£ ^j)) 



is the same as the one induced by the pulled-back system ev*ZF 



By definition, the action induced by 2t„i(dct(D(B,F))) gi'^^^ by {wi{det{D^E,F))),l) 
for 7 G TTiiH^iiM, L, b), uo). By Corollary 



1.5 



(«;i(det D^E,F)),l) = ((^'i(^)' + 1) «') + («^2(i^), A), 
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where Pi is the torus in L traced by the i-th boundary and is the loop in L 

traced by the boundary marked point Xi^i. 

The action of 7 G 7ri('Hf',|^(M, L, b), mq) induced by the pull-back system is by defi- 
nition the action of the image 7 G vri((L x C{L)Y, {pq, 70)) of 7 under the map ev. By 
construction, it is given by 

h h 

5^((«;i(F),7.) + l){w^{F),a,) + Y,{w2{F),P,) 
1=1 1=1 

This shows the two actions are the same. □ 



Lemma 4.7. Let f : Hf'{^{M, L, b) ^ H^'^iM, L, b) be the map forgetting the boundary 

tF 

'(■U)l,iy2) 



marked points. The system ev*ZF pushes down to a system 



oi'er "Hfo (M,L,b) isomorphic to Z^^(^dctD^E^F^)- 



Proof. It is enough to show that the system pushes down under the map forgetting 
the boundary points on a particular boundary component (i9S)j. Since the fiber of the 
forgetful map is connected, we need to show only that the system is trivial along the 
fiber. The fiber is homotopic to S^. Let 7 be a loop in the fiber. Its image under the 
map ev is a degenerate torus, since the image of any point in the fiber is the same loop 



in L up to reparametrization. Thus, the W2{F) term in (4.1) vanishes. The image that 



a point on the boundary traces along the loop is the boundary itself, and therefore the 



remaining term in (4.1) becomes 

{{w,{F),b,) + l){w,{F),b,)=0. 
Thus, the system is trivial along the fiber. 

Since 7ri('Hf^(M, L, b)) surjects on 7ri('HfQ (M, L, b)), every loop 7 in "Hf^ (M, L, b) 
lifts to a loop 7 in 'Hf'^{M, L, b) and 

{wi{det{Di^E,F))),l) = {wiidet{D^E,F))),l)- 



By Proposition 4.6, the induced action of Zwi{det{D,E p))) on 'Ki{T-if^{M,L,h)) is the 



same as the one induced by ev*Zf', Thus, the local systems ev*Zf, n and 

•J (Wl,W2) ' (Wl,W2) 

^t«i(detD(£;,F)) isomorphic. □ 



In order to describe an isomorphism between the local systems of Proposition |4.6 
we choose a trivialization of the determinant line det{D(^E,F)) over uq. This fixes the 
group Z at Uq and thus an isomorphism between the two systems. 

Proposition 4.8. A trivialization ofdet{D(^E,F))\uo is induced by trivializations of F^ = 
det(-F) over UQ{xi^i) for some Xi^i G and trivializations of F = F ® over 

Mo((9S)j) fori = l,...,h. The effect on the orientation of det{D(^E,F))\uo under the 
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changes sf G 7ri(S0(r?,)) = {0,1} and of^ G {0,1} in the trivializations of F\uo{{dT.)i) 
and of F^^^f^^^ is the multiplication by (—1)*^, where 

e = sf + i{w^{F')A) + l)or■ 



Proof. By (2.1), we have a canonical isomorphism 

det{D(^E,F)) ® det(9(4£;i,4in)) = det(9(^^^)) (g) det{d(^E\Fi)) ■ 

Thus, a choice of triviahzations over uq of det((9(4£;i^4i?i)), det{d^p p^), and det((9(£;i^iri)) 
induces one on det{D(^E,F))- 



By the proof of Proposition 3.1 , det(9(^ f))|«o canonicaUy isomorphic to the deter- 
minant hues of operators over disks tensored with the determinant hne over a closed 
surface and the top exterior powers of complex bundles. The last two have canonical 
orientations coming from the complex structures, and thus we only need to choose 
a trivialization of the determinants over the disks. The bundle pairs over the disks 
are trivial. A trivialization of F over each determines a trivialization of {E, F) 

ove r the corresponding disk Df, uniquely up to homotopy; see the proof of Lemma 
3.4 The resulting trivialization of {E, F) identifies each determinant line with the 



determinant line of the standard Cauchy-Riemann operator over the disk, which is 
canonically oriented. This implies that a choice of trivializations of F over Mo((i9S)j), 
with i = 1, . . . , h, induces a trivialization of the determinant line det{d^p p-^)\uo- Chang- 
ing the homotopy type of the trivialization of F\uo((dT.),) changes the induced orientation 
of the determinant line over and thus of det d^p p-^ ; see the proof of Lemma 



3.4 



Likewise, a choice of trivializations of 4F^ over Mo((i9E)j), with i = 1, . . . , induces 
a trivialization of the determinant line det((9(4£;i^4i7'i)). However, the bundle 4F^ has 
a canonical (up to homotopy) trivialization over each which is induced by any 

trivialization of 2F^ over (5E)j. Thus, det ^(4Ei^4i;'i) has a canonical orientation. 



By the proof of Proposition 3.2, det{d{^E'^^F^))\uQ is isomorphic to the determinant 
lines of operators over disks tensored with the determinant line over a closed surface 
and the top exterior powers of complex vector bundles. The last two are canonically 
oriented, and again we only need to choose a trivialization of the determinant lines 
over the disks. By Lemma 3.5, if {wi{F^),bi) = 0, the index of the operator on Df 



is isomorphic to F,], , Hence, a choice of a trivialization of F} , induces a 
trivialization of its determinant line; changing the homotopy type of the trivialization 
of i^^ / N changes the induced orientation of the determinant line over Dj and thus of 

det ^71). If {wi{F^),bi) = 1, the index is isomorphic to the direct sum of the fibers 
of F^ over the images of two points xi^i,X2,i G We can use the orientation of 

the boundary of S to transport a choice of a trivialization of -^|^,)(^^ ) to F^^^^^^ y In 
this way again, a choice of trivializations of F^^^^^^ -j determines trivializations of the 
determinant lines of the operators on the disks. However, in this case, changing the 
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homotopy type of the trivialization of F} ^ does not change the induced orientation 
of the determinant hne over and thus of det (9(£;i^i?i). □ 

Proof of Theorem \1.7\ By Proposition 4^ there is an isomorphism 



W2)' 



By Proposition 4.8, a choice of a basepoint Uq G Hf^lM, L,h), with image under the 
map ev equal to the basepoint of {L x C{L))^, determines an isomorphism. We claim 
that the isomorphism is independent of the choice of such mq. Let us first describe 
the isomorphism p for a given uq. The trivializations of F and F^ over Mo((9S)j) and 
Mo(xi^j), for i = 1, . . . , h, respectively, induce an isomorphism >Z^(,^(detD(£; f))I"o — ^- -^y 
construction ev* Zf^^^^^-^^^^^ = Z and 

If V e 2j^i{det F))\uy then p(t>) = ipy^ipi^cp^v), where 7 is a path from u to Uq, (p^ 
is the isomorphism induced by the path in the system -^^^(detDjB f))' "^7 

■F 

{■Wl,W2)' 



isomorphism in ev*Zf ^ This is independent of the path 7. 



Let u'q be another point, with image under the map ev equal to the basepoint of 
(L X C{L))^, and denote by p' the induced isomorphism. We show that 

p(^;) = p\v) Wue 'Hf;^{M,L,h), v G 2^,(dctD(^,^,)|.. 

It is enough to confirm this equality for u = Uq and v = 1 E Z^^{^c\.D(^e f))I«o ~ ^' ^^^^^ 
ev('Uo) = ev(MQ), the isomorphism 

induced by a path 7 between Uq and uq is given by multiplication with (—1)^, where 

h h 

e = Y,{{MF)A) + l)('u;i(F),ev.,,^(7)) + ^^(^^(F), ev,(7)), 

i=l i=l 

since this expression traces the change in trivializations of F and F^ . By definition, the 
isomorphism ip-^ equals V5ev(7), where V5ev{7) is the isomorphism in Z^^^ ^^-^ corresponding 
to the loop ev(7). By definition, v'ev(7) is also the multiplication by (— 1)^ Therefore, 

P{V) = ^,-ip(0,(l)) = ¥;ev(7)P((-l)^ ■ 1) = (-1)^(-1)^P(1) = 1 = P'{V). 

This concludes the proof of Theorem 1.7[ □ 

Remark 4.9. We can choose the basepoint of T-if^{M^L,h) for different (/,k) in a 
systematic way, thus fixing an isomorphism 

r2«)i(det(D(B,F))) - ^"'i(det(Z)(B,F)))- 

We first choose elements in Q3f'j^(M, L, b) x J-^ inductively. Let Uq G Q3Q'o(S,b) x J7e 
be a map with Mo|(as), = 7i- If we have chosen an element in !Bf',^(M, L, b) x J-^, 
select an element in the space with an additional marked point ?Bf/^,(S,b) x ^/s, 
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/' + |k'| = / + |k| + 1, by adding a marked point to the given collection. We choose the 
basepoint [uq, z, xi, . . . , Xh] of T-Lf'^. (M, L, b) to be the class of the chosen element in 
^f',^(M, L, b) X jTs and construct the map 

ev: V,f^{M,L,h) ^ (L x C{L)f 

to send [mq, z, Xi, . . . ,Xh] to the basepoint of the corresponding component. 

Proof of Corollary 1.^ Suppose the moduli space of maps 9Jtf'|^(M, L, b) and the 



moduli space of domains OJtf'j^ are manifolds. The map / : fmf'k (M, L, b) ^ OJtf'k then 
induces a canonical isomorphism 

A*°PTaJtf^ (M, L, b) = f*A'"'PTmf^ ® A'°''Tm^ii{M, L, b)^*^^* 

Thus, the local system of orientations on the moduli space of maps is the restriction 
of the local system of orientations of the bundle 

/*A*°PQJlf;^ ® det Dq ^ n'^iiM, L, b). 

The moduli space of domains, njtf^, is canonically oriented as follows. Let 2Jlfk/ be 
the moduli space with one more boundary marked point. The map f forgetting the 
additional marked point induces a canonical isomorphism 

The fiber of the map forgetting the boundary marked point is canonically isomorphic to 
a subset of the boundary component the point lies on and is thus canonically oriented. 
The transition maps of A^°p (TVJtf^i)^'^'^^ are diffeomorphisms of the domain preserving 
the orientation and each boundary component. Therefore, the bundle A*°P(T9Jt^',^,)^'^''* 
is orientable and canonically oriented by the orientation of a fiber. This implies that 
if either QJlf'i^ or ^fftf'^, has a canonical orientation, so does the other. By [IS], the 

moduli space mf'^, with k = possesses a holomorphic structure and in 

particular is canonically oriented. Therefore, OJlf'j^ is canonically oriented and the ori- 
entation is compatible with the maps forgetting the marked point s. T hus, the bundle 



y*yYtop2j^9'^ (g)(jg^ ig canonically isomorphic to det Dq. Theorem 1.7 now implies the 
result. 

The case when9Jlfk(M,L,b) is a manifold but OJtf 'j^ is not can be treated as follows. 

Consider the moduli space 0Jlf4(M,L,b) with enough marked points so that 2Jtf,',^, is 
a manifold. Then, 

A*°PTaJtf,;t/(M, L, b) = det Dq. 
Moreover, the map forgetting the additional marked points 

f : fmf;t,(M, L, b) -> fmf;^ (M, L, b) 
induces a canonical isomorphism 

A*°P™f;i,(M, L, b) = f A*°P™f;k (M, L, b) ® A*°P(™f,'J,(M, L, h))^"''. 
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f A*°P™f^ (M, L, b) = A*°PTaJlf;k,(M, L, b) = det Dg = f* det 



As above, the bundle A*°P(T9Jlf,'j^,(M, L,b)) * is canonically oriented and thus, 

Since f is surjective on tti, A*°P™f'k (M, L, b) = det Dq, see the proof of Lemma 4.7 
The result follows from Theorem 11.71 □ 

Proof of Corollary \1.10\ The line bundles 

A^V^a = det d^c„,.,c-j, Ar™f;^ (CP", MP", b) ^ OJlf^ (CP", MP", b) 

are isomorphic if their first Stiefel- Whitney classes evaluate to the same number over 
every loop 7. By Corollary 1.5, the first Stiefel- Whitney class of Vn,a evaluated on a 
loop 7 is given by 

h h 

(4.2) J2^{w,{ClJ,k) + l)(^i(0'^^=^x.(7)) + E(^2(0'«^^(7))- 

i=l 1=1 

Let 0^{a) denote the tensor product of a copies of the tautological line bundle over 
" and 7] = wi{0^{l)) be the generator of i7i(MP",Z2). Since = 0. 0^{ai), 



m 



i=l i,j 

Since W2(C^g,) is a square of a class, it evaluates to zero on each torus evj(7). By 



Corollary 1.5, the first Stiefel- Whitney class of anf'j^(CP", MP", b) evaluated on the 



loop 7 is given by (4.2) with replaced by TMP". Since W2(MP") is a square of 
a class, the second sum vanishes in this well. The condition n — ^ Oj is odd 

implies that 

= (n + l)r/ = w;i(MP"). 
Thus, the two line bundles are isomorphic. 



By Proposition 4.8, a choice of trivializations of © 3det(£„ .j) and det(£„3) 
over evj(Mo) and uo(a;i,i), respectively, with i = l,...,h, determines a trivialization 
det ^^£K = M. Similarly, a trivialization 

A^j^PTOHfk (CP", MP", b)|„„ = M 

is determined by a choice of trivializations of TMP" ©3 det (TMP") and det(TMP") over 
evj(Mo) and Mo(a;i,i), respectively, with i = 1, . . . , h. 

If denotes the trivial line bundle, there are canonical isomorphisms 

© TMP" ^{n + l)C^(l), det(TMP") = 0^{n + 1). 

Thus, a choice of a trivialization of {n + 1)0^{1) (B30^{n + 1) over eVj('Uo) determines 
one on TMP" ©3 det (TMP"). A choice of a trivialization of C'^(l) over Mo(a;i,i) and the 
canonical trivialization 

20^(1) ^O^® TMP^ = 20^ 
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over eVi('Uo) determine an isomorphism 



(4.3) (n+l)C^(l)©3C^(n+l) 



K2C^) © C«(1)©3C^(1) ^ (n+4)C^, if 2|n, 



2 ' 
2 

over eVj(Mo). A non-trivial change in the triviahzation of 0^{1) over "Uol^^i.i) does not 



^^(2C^)©30«, if2/n, 



affect the triviahzation of 30 (n + 1) in (4.3) when n is odd. Thus, the triviahzation 



in (4.3) is canonical A choice of a triviahzation of O (1) over Mo(a^i,j) determines one 
on 0^{n + l) = det(T]RP"). A non-trivial change in the triviahzation of 0^{1) over 
Uo{xi^i) results in a non-trivial change of triviahzation of 0^{n+l) over Uo{xi^i) if and 
only if n is even. 

There are canonical isomorphisms 

^ (m - m)0^ © mO^(l), det(£^^J = 0^(m), 



where m is the number of odd Oj. By (4.3), C^^ © 3det(£„jj) has a canonical trivi- 



ahzation over evj(Mo). A triviahzation of O (1) over uo{xi^i) induces one on O (rh), 
and a non-trivial change in the former results in a non-trivial change in the latter if 
and only if m is odd. Thus, a choice of trivializations of 0^{1) over uo{xi^i) determine 
isomorphisms 

A^^PTOJlfi (CP^ MP^ b)|„„ = M, ATK,.Iuo = 

If m = n + 1 mod 2, a change in the triviahzation O^{l)\uo{xi i) affects both isomor- 
phisms in the same way. Thus, in this case, the composite isomorphism 

A;°PT9nf;,^CP",MP",b)|„„ - M - ATK^\uo 

is canonical. □ 
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